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The proton and neutron properties in a uniform magnetic field are investigated. The Gell-Mann-
Nishijima formula is shown to be satisfied for baryon states. It is found that with increasing magnetic
field strength, the proton mass first decreases and then increases, while the neutron mass always
increases. The ratio between magnetic moment of proton and neutron increases with the increase of
the magnetic field strength. With increasing magnetic field strength, the size of proton first increases
and then decreases, while the size of neutron always decreases. The present analyse implies that in
the core part of the magnetar, the equation of state depend on the magnetic field, which modifies
the mass limit of the magnetar.
PACS numbers: 12.39.Dc, 12.39.Fe, 11.30.Rd
I. INTRODUCTION
Recently, experiments have observed that there exists
a strong magnetic field when baryon collide with each
other, and astrophysics have observed that the strong
magnetic field exists in magnetars [1–3]. The baryon
states have electric charge distribution, thus the inter-
action between baryons and magnetic fields modifies the
properties of baryons. The Skyrme model [4], which iden-
tifies the soliton solution from mesons theories as the
baryon, has been widely accepted, and also have lots of
applications to hadron physics, astrophysics and also con-
densed matter physics. The study of Skyrmion in a uni-
form magnetic field shows that, in the leading order of
large NC , i.e., O(NC), the mass and shape of Skyrmion
depend on the strength of magnetic field [5].
In this letter, the O(N−1C ) effects are introduced in
the semi-classical quantization approach [6], and then
the physical baryon states, i.e, proton and neutron, in
a uniform magnetic field are studied. The Gell-Mann-
Nishijima formula for baryon states are shown to be sat-
isfied. The semi-classical quantization of Skyrmion in-
troduces time dependence to (eB) terms of the model.
Because the wave functions for baryon states are differ-
ent, the magnetic response of baryon states are differ-
ent. It is found that with the increase of the magnetic
field strength, the effective proton mass first decreases
and then increases, consequently, the proton size first in-
creases and then decreases. On the other hand, the effec-
tive neutron mass always increases, and consequently, the
neutron size always decreases. Furthermore, the ratio be-
tween magnetic moment of proton and neutron increases
with the increase of the magnetic field strength. Finally,
since both the mass and size of proton and neutron de-
pend on the strength of the magnetic field, the equation
of state for magnetar is modified.
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II. THE MODEL
The action of the model contains two parts:
Γ =
∫
d4xL + ΓWZW , (1)
where L is expressed as
L =
f2pi
16
Tr(DµU
†DµU) +
1
32g2
Tr([U†DµU,U†DνU ]2)
+
m2pif
2
pi
16
Tr(U + U† − 2) . (2)
Here fpi is the pion decay constant, mpi is the pion mass,
and g is a dimensionless coupling constant. The covari-
ant derivative for U is expressed as DµU = ∂µU−iLµU+
iURµ, where L and R are the external fields expressed as
Lµ = Rµ = eQBVBµ + eQEHµ for the present purpose.
Here e is the unit electric charge, QB =
1
31 is the baryon
number charge matrix, QE =
1
61 +
1
2τ3 is the electric
charge matrix, 1 is the rank 2 unit matrix, τ3 is the third
Pauli matrix, and VBµ is the external gauge field of the
U(1)V baryon number. In the symmetric gauge, the mag-
netic field Hµ is expressed as Hµ = − 12Byη 1µ + 12Bxη 2µ ,
where η is the geometry with diag(+1,−1,−1,−1).
The Wess-Zumino-Witten (WZW) action ΓWZW ≡∫
d4xLWZW, represents the chiral anomaly effects, which
is given in Refs. [7, 8].
III. THE SEMI-CLASSICAL QUANTIZATION
Following Ref. [9], the x, y, and z in the elliptic coor-
dinate system are expressed as
x = cρr sin(θ) cos(ϕ) ,
y = cρr sin(θ) sin(ϕ) ,
z = czr cos(θ) , (3)
where cρ and cz are positive dimensionless parameters,
r ≡
√
x2
c2ρ
+ y
2
c2ρ
+ z
2
c2z
, and θ and ϕ are polar angles with
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2θ ∈ [0, pi] and ϕ ∈ [0, 2pi]. The U is decomposed in the
Cartesian coordinate system as
U = cos(F (r))1 +
i sin(F (r))
r
(τ1
cρ
x+
τ2
cρ
y +
τ3
cz
z
)
.(4)
The ansatz equations (3) and (4) are the solution of
the statical case of Skyrmion, the physical baryon states
are obtained by semi-classical quantization of the Skyrme
model. The quantization of single Skyrme model is pro-
posed by Ref. [6], and then the discussion is extended
to many baryon states [10, 11]. Following [10], the time
dependence of U is expressed as
Uˆ = A(U(R))A† , (5)
where A is the rotation matrix of isospin space, and R
is the rotation matrix of spatial space in x− y plane for
the present purpose. The rotation matrix A and R are
expressed as
A−1A˙ =
i
2
ωaτa , (R
−1R˙)ij = −ij3Ω3 , (6)
where a = 1, 2, 3 and i, j = 1, 2.
Insert (5) in action (1) we obtain Γˆ =
∫
d4x(Lˆ +
LˆWZW) =
∫
d4xLˆtotal. The canonical conjugate mo-
menta of the isospin and spin are obtained by taking a
functional derivative of the action with ωa and Ω3, re-
spectively, as
Ia =
∂Lˆtotal
∂ωa
∣∣∣∣∣
VBµ→0
, J3 =
∂Lˆtotal
∂Ω3
∣∣∣∣∣
VBµ→0
. (7)
IV. THE GELL-MANN-NISHIJIMA FORMULA
The baryon number current of the model is obtained
by taking a functional derivative of the WZW term with
VBµ, i.e., jµB = ∂LˆWZW∂(eVBµ) |VBµ→0. The baryon number NB
is obtained as
NB =
∫
dV j0B
=
sin(2F )
(
eBc2ρr
2D33 + 6
)− 12F
12pi
∣∣∣F (∞)=0
F (0)=pi
= 1 , (8)
where dV = c2ρczr
2 sin(θ)drdθdϕ and D33 =
1
2 Tr[A
†τ3Aτ3]. In the present calculation, the boundary
conditions F (0) = pi and F (∞) = 0 are imposed.
Considering the external fields have a fluctuation as
Lµ = Rµ = eQBVBµ + eQEHµ − δ(Vaµ) τ
a
2 , the cor-
responding iso-vector current is obtained as ja,µV =
∂(Lˆtotal)
∂(δ(Vaµ)) |VBµ→0,δ(Vaµ)→0. The conserved charge corre-
sponding to the third component of SU(2) iso-vector cur-
rent is obtained as
NV3,0 =
∫
dV j3,0V
= − sin(2F )
(
eBc2ρr
2D33
)
24pi
∣∣∣F (∞)=0
F (0)=pi
+ I3
= I3 . (9)
The Gell-Mann-Nishijima formula for electric charge
of baryon is given as
NE =
∫
dV
(
j0B
2
+ j3,0V
)
=
NB
2
+ I3 . (10)
Here the electric charges of baryon states are shown to
be always conserved in a uniform magnetic field, which
is consistent with the fact that both U(1)V and the third
component of SU(2)isospin symmetries are conserved, re-
spectively.
V. NUMERICAL RESULTS
The parameters cρ and cz in Eqs. (3, 4) have two ef-
fects: deform the ansatz and scale the volume. Since the
scale effect of cρ and cz can be absorbed by performing
the scale transform of r, with no lose of generality, the
restriction between cρ and cz is imposed as cρ ≡ 1/√cz.
In NB = 1 sector, following Ref. [6], after properly
choosing the Skyrme units, a standard set of parameters
is considered: mpi = 138 [MeV], fpi = 108 [MeV], and
g = 4.84.
The equation of motion for proton and neutron are ob-
tained from 〈Ψ|Γˆ|Ψ〉 at O(NC) order, respectively. Here
|Ψ〉 expresses the wave functions for |p ↑〉, |p ↓〉, |n ↑〉 and
|n ↓〉 which are given in Ref. [6]. The NC counting for the
parameters of the present model are fpi ∼ O(N1/2C ), g ∼
O(N−1/2C ), mpi ∼ O(N0C), eB ∼ O(N0C), ωa ∼ O(N−1C )
and Ω3 ∼ O(N−1C ).
The Hamiltonian up to O(N−1C ) is obtained as
H =
∑
a=1,2,3
(ωaIa) + Ω3J3 − Lˆtotal
∣∣∣
VBµ→0
. (11)
The nucleon mass and the nucleon magnetic moment
are defined as MΨ ≡ 〈Ψ|
∫
dVH|Ψ〉 and µΨ ≡ − ∂MΨ∂(eB) ,
respectively. It is easy to check that Mp ≡ Mp↑ = Mp↓,
Mn ≡ Mn↑ = Mn↓, µp ≡ µp↑ = −µp↓ and µn ≡ µn↑ =
−µn↓.
The parameter cz is fixed to minimize the proton and
neutron mass for a given |eB|, respectively. The |eB|
dependence of cz for proton and neutron are shown in
Fig. 1. Fig. 1 shows that when the strength of the mag-
netic field increases, cz increases, which implies that the
shape of proton and neutron are twisted.
The |eB| dependence of proton and neutron mass are
shown in Fig. 2. Fig. 2 shows that, with increasing mag-
netic field strength, the proton mass first decreases then
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FIG. 1. |eB| dependence of cz for proton and neutron.
increases. This is because of that the Hamiltonian of
proton contains linear them of (eB) and higher order
terms of (eB), the linear them of (eB) has a different sign
with higher order terms of (eB). Therefore, for a weak
|eB|, the linear term of (eB) takes a dominant role which
causes the proton mass to decrease; for a strong |eB|,
with the increase of |eB|, the dominant role is shifted to
higher order terms of (eB), which causes the proton mass
to increase. Fig. 2 also shows that, the neutron mass
always increases when the magnetic field strength |eB|
increases, since in the Hamiltonian of neutron, the linear
term of (eB) has a same sign with higher order terms of
(eB), which causes the neutron mass to increase.
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FIG. 2. |eB| dependence of Mp and Mn.
The |eB| dependence of µp and µn are shown in Fig. 3.
Fig. 3 shows that with increasing magnetic field strength,
the magnitude of magnetic moment for proton first de-
creases and then increases, while the magnitude of mag-
netic moment for neutron first increases and then de-
creases. Notice the magnetic moment of proton flips the
sign when |eB| ' 0.062 [GeV2], which is consistent with
Fig. 2 that when |eB| >∼ 0.062 [GeV2], the proton mass
increases with the increase of |eB|.
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FIG. 3. |eB| dependence of µp and µn.
The |eB| dependence of µp/µn is shown in Fig. 4.
Fig. 4 shows that with the increase of the magnetic field
strength, µp/µn increases. Theoretical analyse of the
present model shows that µp/µn → 1 when |eB| → ∞,
which agrees with the tendency shown in Fig. 4.
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FIG. 4. |eB| dependence of µp/µn.
Notice that in Gell-Mann-Nishijima formula (10), the
induced charge from U(1) baryon sector just cancel
with the induced charge from the third component of
SU(2) iso-vector sector, thus the electric charge den-
sity for nucleon state is defined as ρE =
1
2ρI=0 +
〈Ψ|I3|Ψ〉ρI=1, where ρI=0 ≡
(
j0B |eB→0
)
, ρI=1 ≡(
1
3
∑
a=1,2,3
Λa
〈Ψ| ∫ dV Λa|Ψ〉
)
and Λa ≡ ∂2Lˆ∂ω2a .
The proton root mean square (RMS) electric charge
radius and neutron mean square (MS) electric charge ra-
dius are defined as 〈r2p〉1/2E ≡ 〈p|
∫
dV X2ρE |p〉1/2 and
〈r2n〉E ≡ 〈n|
∫
dV X2ρE |n〉, respectively. Here X repre-
sents R, Rx and Rz, where R ≡
√
x2 + y2 + z2, and Rx
and Rz represent the projection of R on the x and z axes,
respectively.
The |eB| dependence of the proton RMS electric charge
4radii are shown in Fig. 5. Fig. 5 shows that for proton
state: (i) the magnitude of the RMS electric charge radii
first increases and then decreases, this tendency is un-
derstandable from that: for weak |eB|, the proton mass
decreases, which causes the proton size to increase; for
strong |eB| the freedom of charged meson pi+,− is re-
stricted in the x−y plane, which causes the proton size to
decrease; (ii) the magnitude of 〈R2z〉1/2E is slightly larger
than 〈R2x〉1/2E , which is because of that the freedom of
charged meson pi+,− is restricted in the x−y plane, while
the neutral meson pi0 is free to move along z axis, thus,
the shape of proton is stretched along z axis.
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FIG. 5. |eB| dependence of the proton RMS electric charge
radius 〈r2p〉1/2E .
The |eB| dependence of the neutron MS electric charge
radii are shown in Fig. 6. Fig. 6 shows that (i) the neu-
tron MS electric charge radii have a minus sign, this is be-
cause of that the distribution of ρI=1 is more apart from
the centre point of the soliton than that of ρI=0; (ii) the
magnitude of neutron MS electric charge radii decrease
with the increase of |eB|, this fact can be understood
from that: for all range of |eB|, the neutron mass always
increases, which causes the neutron size to decrease, i.e.,
the magnitude of MS electric charge radii will decrease;
(iii) the magnitude of 〈R2x〉E is slightly larger than 〈R2z〉E ,
which is because of that the ρI=0 part is more sensitive
with cz than that of ρI=1 part.
VI. CONCLUSIONS AND DISCUSSIONS
In this letter, the properties of proton and neutron in
a uniform magnetic field were studied.
The nucleon states are separated by introduced the
O(N−1C ) effects in the semi-classical quantization ap-
proach.
It was first shown that the baryon number and the
charge corresponding to the third component of SU(2)
iso-vector current are conserved in a uniform magnetic
field, respectively. It was found that the induced charge
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FIG. 6. |eB| dependence of the neutron MS electric charge
radius 〈r2n〉E .
from U(1) baryon sector cancel with the induced charge
from the third component of SU(2) iso-vector sector in
the Gell-Mann-Nishijima formula.
Next, the |eB| dependence of proton and neutron mass
were studied. It was found that with the increase of the
magnetic field strength, the proton mass first decreases
and then increases, while the neutron mass always in-
creases. When |eB| ∼ 2.4m2pi, the proton mass has a min-
imal point, which decreases about 23 [MeV] compared to
that in vacuum.
After that, the proton and neutron magnetic moment
were investigated. It was found that the magnitude of
proton magnetic moment first decreases and then in-
creases, while the magnitude of neutron magnetic mo-
ment first increases and then decreases. For an extreme
weak magnetic field |eB| ∼ 0, the magnetic moment of
proton and neutron are 1.94 [µN ] and −1.21 [µN ], respec-
tively, which are consistent with Ref. [12]. The ratio of
µp/µn is about −1.60 when |eB| ∼ 0, and 0.61 when
|eB| ∼ 28m2pi. Theoretical analyse of the present model
implies µp/µn → 1 when |eB| → ∞, which is consistent
with the tendency of µp/µn.
The RMS electric charge radii of proton and MS elec-
tric charge radii of neutron were also investigated. It
was found that, the proton RMS electric charge radii
first increase and then decrease with the increase of the
magnetic field. While the magnitude of neutron MS elec-
tric charge radii always decrease. For an extreme weak
magnetic field |eB| ∼ 0, the proton RMS electric charge
radius 〈r2p〉1/2E is about 0.865 [fm], which agrees with the
experimental result 0.84 ∼ 0.87 [fm]; while the neutron
MS electric charge radius 〈r2n〉E is about −0.278 [fm2],
which is against the experimental result −0.116 [fm2].
The present analyse shows that in the core part of
the magnetar (|eB| ∼ 10−2 [GeV2]), the proton density
decreases about 3.4% and the neutron density increases
about 15.3% compared to that in vacuum, respectively.
Thus, the equation of state in the core part of magnetar
is modified.
5In the vacuum of the present analyse, i.e., |eB| ∼ 0,
the magnitude of proton and neutron magnetic moment
are about 30% and 36% smaller than the experimental
results, respectively. The magnitude of neutron MS elec-
tric charge radius is about 1.39 times larger than the
experimental result. The inclusion of vector mesons and
also scalar mesons might cure these problems [13–16]. In
the present analysis, the dynamical reaction of magnetic
field is neglected, which could change the magnitudes of
the results [17]. These perspectives will be reported else-
where.
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